In this study, we describe a novel approach to quantum phenomena of the generalized electromagnetic fields of dyons with quaternionic analysis. Starting with quaternionic quantum wave equations, we have established a quantized condition for time coordinate that transforms microscopic to macroscopic fields.
Introduction
The generalized Maxwell's equations describe a complete and valuable description to the classical behavior of electric and magnetic fields. At the end of the twentieth-century, the asymmetry between electric and magnetic field equations became very clear with the formulation of Maxwell's equations. In 1931, Dirac [1, 2] investigated a new particle called 'magnetic monopoles' and also generalized the usual electrodynamics. The basic idea for magnetic monopoles is that, it will be stable particles, which carry magnetic charges like electric charges for electrons, ought to exist has proved to be remarkably durable. The existence of particles with the magnetic charge (or monopole) [1, 2] implies that the electric charge must be integer multiples of a fundamental units. Beside, a quantization of electric charges have been actually observed in nature. Dirac also have confirmed the constancy of quantum physics with unique Dirac equation, particularly in solving the difficulties associated with the string singularity identified by Dirac [2, 3] . Thus, we can say that the magnetic monopole would symmeterize in Maxwell's equations, but there would be some numerical asymmetry. These types of discrepancy could be the basis for the introduction of what we may call the 'classical magnetic monopole'. In this classical formulation there was no prediction for the magnetic-monopole mass. Rather, a kind of rule was established, and also assumed that the radius of classical electron may be equal to the radius of classical monopole from which one has m g 0 = g 2 d m e 0/e 2 ≈ 4700m e 0 ≈ 2.4GeV (approx). This ingenious suggestions with the existence of magnetic-monopole gave rise to considerable literature [4] - [10] that subjected to predict the mass, size, spin, parity and other quantum properties of monopoles. In the case of the existence of magnetic monopole, Schwinger [11] - [13] formulated a novel relativistic quantum field theory of magnetic charges which maintained the complete symmetry between electric and magnetic fields. The Dirac's quantization condition governed the product of electric and magnetic charge to integer values.
The combined theories of Schwinger [11] - [13] and Zwanziger [14] identify the theory of dyons (i.e., particles carrying simultaneous existence of electric and magnetic charges). The quantized theory, though explains to some extent the negative experimental results in search of magnetic monopole, and required to maintained the rotational symmetry which was violated due to existence of singular lines which comes from the solution of vector potential around a monopole. Peres [15] discussed the controversial nature [16] of these singular lines of monopole [1, 17] and then the charged quantization condition has taken place in purely group theoretical manner. For electromagnetic fields, Maxwell equations are considered to be the classical description and the quantization of these classical fields gives a relativistic covariant quantum description. Furthermore, Bialynicki-Birula [18, 19] and Sipe [20] independently explained that Maxwell equations are the quantum description of electromagnetic fields at the first quantum level and the Fermat principle for light forms the classical description of electromagnetic fields similar to the Hamilton's variational principle for particles with mass.
In quaternionic space-time, Rajput et. al. [21] proposed a unified theory of generalized electromagnetic and gravitational fields associated with massive dyons. Many other authors [22, 23] discussed the development of classical and quantum theory of electrodynamics in case of experimental data. Chanyal et al. [24] - [29] have studied classical field equations and conservation laws of dyons in terms of octonion algebra and explained the corresponding generalized Dirac Maxwell's equations with the equation of motion in compact manner. Moreover, Arbab [30, 31] derived the role of quaternionic quantum mechanics in case of quantized Maxwell equations. Besides, in literature [32] - [41] , the reformulation of the field equations of magnetic monopoles and massive dyons have been discussed in terms of hyper complex numbers including quaternions, octonions and sedenions. Recently, Chanyal [42] independently proposed a covariant theory of relativistic quantum mechanics for dyons wave propagation in terms of quaternionic formalism. Keeping in mind the recent work in quaternionic quantum mechanics, we establish a novel approach to quantum phenomena in the generalized electromagnetic fields of dyons with quaternionic analysis. Starting with quaternionic four dimensional structure and its properties, we propose the relativistic quantized wave equations. Since classical theory is a approximation of quantum theory, in this study, we establish a quantized condition for time coordinate that transforms quantum to classical field. We describe a compact set of quantized ProcaMaxwell's equations for dyons. Furthermore, a quantized form of four potentials, four-currents densities and also the quantized Lorentz gauge conditions, respectively for electric and magnetic potentials of dyons are obtained. We obtain a new quantized continuity equation for generalized electric and magnetic four-densities of dyons which associated with a torque density result from the two spin states. The quantized Klein-Gordon like field equations and the unified quaternionic electromagnetic potential wave equations for massive dyons are also obtained. Moreover, we investigate the quaternionic quantized relativistic Dirac field equations for massive dyons, which indicated that there will be the existence of antiparticle of dyons called antidyons. Our quaternionic quantum theory will help to establish the existence for various massive particles.
The quaternion
In mathematics, a geometric algebra is the largest possible associative division algebra that integrates all algebraic systems (viz., algebra of complex numbers, vector algebra, matrix algebra, quaternion algebra, etc.) into a coherent mathematical language. Interestingly, after the real and the complex algebras, quaternion [43] is first hyper-complex division algebra. It has more significant impacts on mathematics and theoretical physics. The quaternion algebra (called q-algebra), defined by Q, is a four-dimensional algebra [43, 44] over the field of real numbers. A real quaternion Q and its quaternionic conjugate Q may be expressed as
where (q 0 e 0 ) and (q j e j ) ∀j = 1, 2, 3 are the scalar and vector parts of q-algebra. The q-units defined by (e 0 , e 1 , e 2 , e 3 ) are known as the quaternion basis. The properties of q-algebra are given by:
In equation (2.3) we have used δ ij as delta symbol,ē j as quaternionic conjugate basis and ε ijk as the Levi Civita three index symbol. Since, the q-algebra is an associative as well as non-commutative algebra in nature and holds the usual distribution law, i.e., (e j e k )e l = e j (e k e l ) ∀ i, j, k = 1, 2, 3. Moreover, we may distinguish the real part of the quaternion q 0 as,
If Re Q = 0 or q 0 = 0, then we may found the imaginary part of the q-algebra and the condition become Q = −Q, where
Furthermore, the summation and the multiplication of any two quaternionic variables are given by
6)
where (·) and (×) are indicated dot and cross products like the usual three-dimensional scalar and vector products. In equation (2.7), we should notice that the q-multiplication P Q = Q P, because p × q = − q × p. Rather, the norm of a q-algebra become
, and the inverse of a q-algebra (non-zero norm) become
The norm of a q-algebra is zero if Q = 0, and is always positive otherwise. Thus keeping in mind the q-properties, in the next sections we shall implement q-algebra in relativistic quantum mechanics.
Quaternion approach to relativistic quantum field equations
In physics point of view, the four independent quantities such as the four-position, four-momentum, four-force, four-potential and four-current etc. are suitable to express by q-algebra. In other words, the quaternionic approach is a such type of novel approach where we generalize and explain beautifully to the quantum behavior of relativistic equations. In order to discuss the quaternionic quantum mechanics (qQM), we may start with the momentum eigen value equation [30, 31] ,
where Υ ∼ (m 0 c) is the eigen value of quaternionic four-momentum operatorP = − → p ,
c Ψ 0 is quaternionic four-wave function, m 0 is the mass of particle (dyon) and c is the speed of light. By using the quaternionic product for two variables given by (2.7) the quaternionic momentum eigen value equation (3.1) leads to
Now, the quantum equations for a moving particle can be expressed by [45, 46] ,
where the momentum and energy operator are − → p = −i − → ∇ and E = i ∂ ∂t . The beauty of the equation (3.1) is that, it exhibited the well-known Dirac equation for massive dyons, i.e., (i γ ν ∂ ν − m 0 c)Ψ = 0 if we put the four dimensional quaternionic momentum operatorP −→ (i γ ν ∂ ν ). We may established the second order quantum differential equations by operating − → ∇ to the both side from left on equations (3.3-3.5), i.e.
Equation (3.6) represents the generalized quaternionic quantum wave equation for massive vector field ( − → Ψ ) which may visualized by Dirac field, whereas equation (3.7) represents to massive scalar field (like as the Klein-Gordon field Ψ 0 ). Equation (3.8) shows the quaternionic condition for the triple vector multiplication.
The unified structure of quaternionic quantum wave equation is expressed by
Here we should notice that, in quaternionic quantum wave equation the additional term 2m0 ∂Ψ ∂t describes the time dependent source called the damping terms resulting from the inertia of the massive particle. A beauty of quaternionic unified wave equation is that we may transform this quantum wave equation into classical wave equation if we eliminate the damping term by introducing a new time coordinate τ as
This is the necessary condition for to transform macroscopic to microscopic field in quaternionic space-time.
Then the ordinary macroscopic wave equations becomes, 
Quaternionic classical electromagnetic field of dyons
In order to write the classical electromagnetic field of dyons [47] , let us start with the quaternionic four-vector representation with an imaginary fourth component of Euclidean structure (+, +, +, −). The quaternionic four dimensional world vector X and the four gradiant D may then be defined as X (e 1 , e 2 , e 3 , e 0 ) := {x, y, z, −ict} , (4.1)
As such, we may write a quaternionic four-vector X ν and its quaternion conjugateX ν in terms of following covariant form,
3) 4) and the quaternionic equation of spherical surface is governed as
Similarly, the classical D' Alembert operator defined by , can be expressed as 6) whereD is the quaternionic conjugate of the differential operator D. Since, q-algebra has four dimensional structure, thus in a four-dimensional theory, a dyon is defined to a particle in which both electric and magnetic charges are taken place. In the high dimensional theories viz. grand unified theory (GUT) and super-string theory (SST) predicted to the existence of both magnetic monopoles and dyons. Thus, a dyon constitutes two four-potentials defined by following quaternionic form [47, 48] :
7)
B (e 1 , e 2 , e 3 , e 0 ) = B x , B y ,
where A and B are electric and magnetic four-potentials and their real and imaginary parts constituent a generalized potential of dyons, i.e.
As such, the quaternionic form of two four-currents of dyons, respectively, J (e 1 , e 2 , e 3 , e 0 ) = {J x , J y , J z , −icρ e } , (4.10)
constitute a generalized current-source of dyons. Correspondingly, the quaternionic generalized current defined by
Similarly, the quaternionic representation of energy-momentum four-vector of moving dyons become 
where
The GDM equations are invariant under the following duality transformations
These transformations suggested that the duality transformations of magnetic and electric current densities follow those of the electric and magnetic fields, respectively. In GDM equations, the generalized electric and magnetic field vectors can be expressed in terms of two four-potentials of dyons,
Now, the quaternionic vector field − → Ω associated with generalized electromagnetic fields of dyons is defined by
The classical fields equations may also be expressed in terms of two four-potentials of dyons, i.e.
These equations are second order differential wave equations, associated with two four-current sources to the case of generalized electromagnetic field of dyons. On the other side, we also may write the electric and magnetic wave equations for dyons in conducting medium,
where σ e and σ m are the conductivities due to electric charge and magnetic monopole, respectively. In generalized field of dyons, the unified electromagnetic wave equations become
where σ (σ e , σ m ) is assumed to the conductivity of dyons and ̺ ≃ c 2 ρ e + iρ m is the effective charge density of dyons. We also may write the generalized vector potential wave equations for dyons in free space, 28) and the unified form of wave equations (4.27) and (4.28) become,
Here we may identified the Lorentz gauge for conducting medium, respectively for electric and magnetic charge of dyons, i.e., Λ 
Quantized Maxwell equations for dyons
We already know that the quantization is a process, which deals the transition from a classical understanding of physical phenomena to a newer understanding known as quantum mechanics. In this section, we have demonstrated the quaternionic generalization of the procedure for building quantum electrodynamics from classical electrodynamics. Thus we may compare the classical electromagnetic potential wave equations to the generalized quaternionic quantum wave equations and obtain the following equations [30, 31] ,
These equations are directly governed the quaternionic quantum potential wave equation for dyons, where we have used the following identities:
3) 6) and the quantized currents for dyons becomes 
• Equations (5.5) and (5.6) are described to the strength of longitudinal components of electric and magnetic field vectors, i.e., − → E l ∼ − − → ∇φ e and − → H l ∼ − − → ∇φ m .
• Equations (5.7) and (5.8) are described to the quantized electric and magnetic current density of dyons. These quantized current sources are directly depends on the potentials of dyons and also exhibit the quantum analogue of famous London's equation [49] in presence of electric charge and magnetic monopole.
Furthermore, we can express the following quaternionic quantum wave equations in presence of dual scalar potentials (φ e , φ m ) for dyons, i.e., . Therefore, we may write the compact QPM equations in terms of wave propagation vector as
Interestingly, these compact QPM equations of massive dyons are invariant under the duality transformations, i.e., 
The above equations are generally described to the macroscopic symmetrical Maxwell's equations for massless dyons in free space. In the quaternionic quantum formalism it must be noted that every massive particle will be contained to a current-source in the quantized electromagnetic field of dyons. On the other hand, we can say that quantization of the electromagnetic field of dyons will be occurred only if the particles have involved some finite mass, otherwise it shows classical field equations in free space.
Quantized continuity equations and the wave propagation
In order to establish the quantized continuity equations for the generalized electromagnetic field of dyons, let us start with the quaternionic quantized Lorentz gauge condition for electric and magnetic charges of dyons given by equation (5.3) and (5.4), i.e.,
As such, we have expressed a relation between the classical and quantum Lorentz gauge conditions of electromagnetic fields for dyons, i.e.,
3)
where the constant (ξ −→ 2m 0 / ) is a quantum term depending upon the mass of the particle. As such, for massless dyons, Λ Q e ≃ Λ e and Λ Q m ≃ Λ m . Therefore, we can summarize that the classical theory shows an approximation of the quantum theory. By substitute to the quantized value of four-potentials of dyons, we established the generalized current-source equations for massive dyons as
These are the quantized continuity equations for massive dyons, where the additional third terms visualized the torque density result from the two spin states. Besides, we may obtain the quantized relativistic wave propagation of massive dyons by the following manner, Finally,
12)
13) 14) are represented the quantized electromagnetic (QEM) potential wave equations of massive dyons. In fourvectors form, the unified QEM potential wave equation for dyons become 15) where α is related to electric and magnetic constants. Here, we may see that the main distinguish between classical and quantum formulation is the quantized time varying potential of dyons comes from the small perturbation terms of time scale given by equation (3.10) . Therefore, we can summarize the quaternionic representation of classical and the quantum equations for the electromagnetic fields of dyons given by Table-1.
Quantized conductivity in electric and magnetic fields of dyons
In case of quantized electromagnetic fields of dyons in conducting media, we may define the microscopic wave propagation of electric field vector ( − → E ) of dyons as 
Lorentz gauge:
Here, equation (7.1) can be obtained by comparing the quaternionic wave equation (3.9) to the electric wave equation in conducting medium (4.25) . Once, we have obtained the following identities
2)
Thus from equations (7.2) and (7.3), we may governed the following useful relations,
(7.5) Equation (7.4) defines to the quantized electrical conductivity of the electron which is proportional to the mass of the particle, while equation (7.5) express the effective value of quantized electric field vector. Similarly, we may write the microscopic wave equation of magnetic field vector ( − → H) for dyons as 6) where the quantum identities are governed
where we have used
Here 
Thus equations (8.8) and (8.9) are governed two distinguish energy solutions with (E ± m 0 c 2 ) and two possible eigen-states for each of these eigenvalues. Therefore, from these two novel quantum equations we may concluded that there is the existence of antiparticle of dyons called antidyons [58] (i.e. the composition of antiparticle of electron and antiparticle of magnetic monopole). We also may analyze the generalized QEM wave solutions of the Dirac equations for relativistic dyons in free space, in which an interference phenomena will occurred between positive and negative energy states of dyons like as the Zitterbewegung wave equation.
Conclusion
In this paper, we have extended the formulation of complex algebraic equations in terms of quaternionic quantum equations for massive dyons. We have been established a novel approach to qQM, where we have expressed the various dynamic equations for qQM, viz. the quantum equations for a moving particles, the unified structure of quaternionic quantum wave equation and also the quantized transformation condition for time coordinate. The quaternionic form of quantized potential wave equations for dyons has been investigated.
The qQM formalism described a novel approach to the Lorentz gauge conditions, respectively, for the electric charge and magnetic monopoles have also been established. We have obtained the quantized current sources equations which are directly depend on the potentials of massive dyons those governed the quantum analogue of famous London's equation in presence of dyons. From the qQM formalism, we also have been found a connection between the quantized electric charge density with the electric scalar potential and quantized magnetic charge density with the magnetic scalar potential of dyons. A new form of quantized Proca-Maxwell equations for dyons has been proposed, which are manifestly invariant under the duality transformations. Furthermore, we have discussed that the quaternionic quantization of the electromagnetic field of dyons will be occurred only if the particles have involved some finite mass, otherwise it shows the classical field equations in free space. Accordingly, the quantized continuity equations for generalized electromagnetic field of massive dyons has been obtained. We have established the quantized Klein-Gordon like field equations and the unified QEM potential wave equation for massive dyons. Moreover, the effective quantized electric and magnetic fields vector has been proposed in a conducting medium of massive dyons. Finally, we have been investigated the quaternionic quantized relativistic Dirac wave equations for massive dyons, which indicated that there will be the existence of antiparticle of dyons called antidyons. In many theories related to high energy physics suggested that the dark matter field would be as a source of antiparticles. Rather, in experimental point of view, it is clear that, like magnetic monopoles the dyons and antidyons would be too heavy to be produced at the Large Hadron Collider (LHC). Recently, the experimental study of magnetic monopole (which created dyons) has been proposed by Daviau et. al [59] . Therefore, we may conclude that, from these generalized qQM formulation, it will be easy option to establish the existence of quantum theory for particles viz. dyons, tachyons, axions, weakly interacting massive particles (WIMPs), etc.
